Abstract. The purpose of this paper is to classify ample and spanned vector bundles of top Chern number two on smooth projective varieties of arbitrary dimension defined over an algebraically closed field of characteristic zero.
Introduction
We work over an algebraically closed field k of characteristic zero. The purpose here is to classify ample and spanned vector bundles of top Chern number two on smooth projective varieties of arbitrary dimension. Here we recall that a vector bundle E is ample if the tautological line bundle O P(E) (1) of the projective space bundle P(E) is ample in usual sense, and that E is spanned if E is generated by its global sections.
There are several studies on the problem of classifying ample and spanned vector bundles E of rank r ≥ n with small top Chern number c n (E) on normal projective varieties X of dimension n. In case c n (E) = 1, Lanteri and Sommese [11] have shown that (X, E) ∼ = (P n , O P n (1) ⊕n ) when X are normal surfaces or Gorenstein 3-folds with only isolated singularities. In the higher dimensional case, Wiśniewski [15] has shown that the same is true when X are smooth projective varieties. Fujita has pointed out that the same result for projective varieties X with only log terminal singularities also follows from Zhang's result [17] together with the Lanteri-Sommese argument (see Proposition 5.1 below). In case c n (E) = 2, the structure of (X, E) has been described explicitly when X are smooth surfaces ( [13] , see also [10] ). This result has been extended to the case when X are normal Gorenstein surfaces ( [14] ).
Our main result is the following: Theorem 1.1. Let X be a smooth projective variety of dimension n ≥ 2, and E an ample and spanned vector bundle with rank E = r ≥ n and c n (E) = 2 on X.
Then (X, E) is one of the following:
(1) X has a finite morphism f : X → P n of degree 2 over a projective space P n , and E ∼ = f * O P n (1) ⊕n . (2) (X, E) ∼ = (P n , O P n (2) ⊕ O P n (1) ⊕n−1 ).
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(3) (X, E) ∼ = (Q n , O Q n (1) ⊕n ), where Q n is a smooth quadric hypersurface in P n+1 , and O Q n (1) is the hyperplane line bundle. (4) X is isomorphic to a projective space bundle P C (F ) over an elliptic curve C with the projection π : P C (F ) → C and with the tautological line bundle O PC (F ) (1) , and E ∼ = π * E ⊗ O PC(F) (1) . Here F and E are indecomposable vector bundles of rank n and degree 1 on C. (5) X is isomorphic to a projective space bundle P C (F ) over a hyperelliptic curve C of genus g ≥ 2 with the projection π : P C (F ) → C and with the tautological line bundle O PC(F ) (1) , and E ∼ = π * E ⊗ O PC(F) (1) . Here F and E are vector bundles of rank n on C such that the system | det F ⊗det E| is the hyperelliptic pencil g Our proof proceeds as follows. The essential case of the proof is rank E = dim X ( §2). In this case, an invariant sp(E) of Ballico [2] divides our situation into two subcases: sp(E) = n and sp(E) > n ( §3). When sp(E) = n, Ballico's theorem [2] and Zhang's theorem [17] together with the Lanteri-Sommese argument [11] imply the precise structure ( § §4,5). When sp(E) > n, the key step is to show that the adjoint bundle K X ⊗ det E fails to be ample ( § §6,7). Then Fujita's theorem [6] tells us the structure of (X, E), and we pick up the bundles in our case ( §8).
I would like to express my gratitude to Professor Takao Fujita, who told me the result of Zhang and its application to this study in §5. Also I am grateful to the referee of [14] , who gave me invaluable advice for the case sp(E) > n.
Case rank E > dim X
Once we obtain Theorem 1.1 for r = n, it turns out that there is no bundle when r > n, by using a standard argument (see [10] , [14] ): If r > n, by Serre's lemma, we have an exact sequence of vector bundles
since E is spanned. Then E is an ample and spanned vector bundle of rank n, and c n (E) = 2. By Theorem 1.1 for r = n, we easily check in each case that
Indeed, for (1), this follows from the facts that f * O X and hence f * E ∨ are direct sums of line bundles on P n and that (2) and (3), this is clear; for (4) and (5), this follows from the facts that E is the extension of a line bundle of the form O PC (F ) (1) ⊗ π * M for some M ∈ Pic C by line bundles of the same type and that
Therefore the exact sequence above is split in each case. This contradicts the ampleness of E.
Notation and Ballico's invariant
From now on, we assume that r = n. Let us start with some notation in a more general setting, and recall the definition of the invariant sp(E) of Ballico [2] (see also [13] ).
Let X be a normal projective variety of dimension n, and E a spanned vector bundle of rank n with c n (E) > 0 on X. By |E| we denote and [t] is the point of |E| corresponding to t = 0 ∈ H 0 (X, E). We consider the family of zeros F = {([t], p) ∈ |E| × X; t(p) = 0}, a projective space bundle P X (F E ) associated with a vector bundle F E whose dual bundle is the kernel of the evaluation map ev :
Hence we get the following diagram:
Here Φ : F → |E| and Ψ : F → X denote the first and second projections. Note that the fibre
On the other hand, Φ is a finite flat morphism of degree c n (E) over a dense and open subset |E| reg := {[t] ∈ |E|; dim(t) 0 = 0 and (t) 0 is on the Cohen-Macaulay locus of X}.
So we have a morphism τ : |E| reg → Hilb
by the universality of the Hilbert scheme Hilb cn(E) X of c n (E) points in X. By considering the norm morphism ν from Hilb
Since ν is isomorphic over the open subset parameterizing distinct smooth c n (E) points of X, we have sp(E) = dim ρ(|E| reg ). Hence this invariant is Ballico's in [2] . By definition, we have n ≤ sp(E) ≤ n · c n (E).
By [13, Proposition 1.1], for every [t] ∈ |E| reg , the fibre τ
In particular, the subset
∈ |E| reg ; (t) 0 is smooth and t satisfies (3.2)} is dense and open in |E|.
Case sp(E) = dim X
We recall the structure theorem on (X, E) of sp(E) = n, due to Ballico [2] . Here we give a proof by using the formula (3.2). ) Let E be an ample and spanned vector bundle of rank n on a normal projective variety X of dimension n. Assume that sp(E) = n. Then there exist an ample and spanned vector bundle E with rank E = n and c n (E ) = 1 on a normal projective variety X with dim X = n, and a finite morphism f :
Proof. Consider a morphism γ : X → G := Grass(H 0 (X, E), n) from X to the Grassmann variety of n-quotients associated with the evaluation map H 0 (X, E) ⊗ O X → E. Let X be the normalization of the image γ(X) with the induced morphism f : X → X . Let E be the pull-back of the universal quotient bundle on G onto X , so E ∼ = f * (E ) and E is spanned. Since E is ample, f is finite; hence E is also ample. For [t] ∈ |E| comp and p ∈ (t) 0 , we have H 0 (X, E ⊗ I (t)0 ) = H 0 (X, E ⊗ I {p} ) as a subspace of H 0 (X, E) by assumption on sp(E) and (3.2) . By definition of γ, every point of (t) 0 is mapped to the same point by γ, and hence deg(f ) ≥ c n (E). Since c n (E) = (deg f) · c n (E ), by the positivity of c n (E ), we have deg(f ) = c n (E) and c n (E ) = 1, as required.
Proof of the theorem when sp(E) = dim X
If the pair (X, E) in Theorem 1.1 has sp(E) = n, by Proposition 4.1, X has a double cover f : X → X over a normal projective variety X of dimension n, and E is the pull-back of an ample and spanned vector bundle E of c n (E ) = 1 on X . Since X and X are normal and deg f = 2, there exists an involution ι on X such that the quotient X/ ι is X . By [9, Proposition 1.7], X has only log terminal singularities, since X is smooth. Thus by the following proposition, which is a consequence of Zhang's Theorem [17, Theorem 1] (see also [16, Theorem 3] ), we have X ∼ = P n and E ∼ = O P n (1) ⊕n ; this is the case (1).
Proposition 5.1 (Pointed out by Fujita)
. Let X be a projective variety of dimension n with only log terminal singularities, and E an ample and spanned vector bundle with rank E = n and c n (
Proof. According to the Lanteri-Sommese argument [11] , we consider the diagram (3.1) for (X, E). Set N = dim |E|. Since Φ is generically one-to-one by assumption and Ψ is dominant, if is a general line in |E|, then C := Φ −1 ( ) ∼ = and Ψ(C) is a curve. Since Φ * O |E| (1) is isomorphic to the tautological line bundle O F (1) := O P(FE) (1) of F = P X (F E ), the curve C is the complete intersection of divisors associated with O F (1). On the other hand, we have
. Therefore, by the adjunction formula for C, we have
Hence (K X ⊗ det E, Ψ * C) = −n by the projection formula. Therefore, by Zhang's Theorem [17, Theorem 1], we have (X, E) ∼ = (P n , O P n (1) ⊕n ).
6. Case sp(E) > dim X; first step Lemma 6.1. Let X be a normal projective variety of dimension n, and E a spanned vector bundle with rank E = n and c n (E) = 2 on X. Set
Then V is a locally closed subvariety of dimension sp(E), and
is a morphism over X. By base change, we have a surjection
Here V {p} is the fibre of the first projection from V to X over p ∈ X. In particular, X is covered with rational varieties of dimension sp(E) − n.
Proof. Consider the following incidence correspondence:
As a scheme, G is the projective space bundle P X 2 (G E ) associated with the cokernel
, where ∆ is the diagonal of X 2 . Let µ : G → F be the induced morphism from µ.
Then µ is an isomorphism: Indeed, the fibre of µ over ([t], p) ∈ F is schemetheoretically 2 distinct points, ([t], p, p) and ([t], p, q) with (t) 0 = {p, q}. On the other hand, µ is projective. Hence µ : µ −1 (F ) → F is a finite, flat, unramified morphism of degree 2. Since µ is one-to-one and G is an open subset of µ −1 (F ), the morphism µ is isomorphic.
Since V is the image ψ • µ −1 (F ), V is irreducible and locally closed. We set η = ψ • µ −1 ; we have the morphism η. Since sp(E) is the dimension of the quotient of V by the natural involution, we have dim V = sp(E). By base change, we have η {p} . Let p ∈ X be a general closed point so that V {p} is of dimension sp(E) − n. Since every fibre of η {p} over q ∈ V {p} is (|E ⊗ I {p,q} | ∩ |E| comp ) × {p}, η {p} induces a generically isomorphism between V {p} and a general (sp(E) − n)-plane in |E ⊗ I {p} |. Hence V {p} is rational. Since F dominates X, V dominates X via the first projection, hence via the second projection by symmetry. Thus X is covered with rational varieties V {p} of dimension sp(E) − n.
Case sp(E) > dim X; key step
Proposition 7.1. Let X be a normal projective variety of dimension n and E a spanned vector bundle with rank E = n and c n (E) = 2 on X. Assume that sp(E) > n and that X is Gorenstein. Then there exists a projective integral curve
Proof. Consider the diagram (3.1) for (X, E). Since dim F = dim |E|, a closed subset B := {[t] ∈ |E|; dim Φ −1 ([t]) = dim(t) 0 ≥ 1} has codimension at least 2 in |E|. Over the outside of R := Φ −1 (B), Φ is finite of degree 2; hence there exists an involution ι : F \ R → F \ R. We extend ι to the morphismι : F \ Z → F with the closed subset Z ⊂ F of codimension at least 2, by using the valuative criterion of properness. So we have an injective map O F \Z (ι
is a line bundle on F \ Z associated withι * K F . Let p ∈ X be a general closed point so that a closed subset Z ∩ F {p} has codimension at least 2 in the fibre F {p} = |E ⊗ I {p} |× {p} of Ψ over p; the closure of the
has codimension at least 1 in F {p} ; and V {p} has dimension sp(E) − n (see Lemma 6.1). Let be a general line in |E ⊗ I {p} | so that
is not in the fibre of η {p} in (6.1.2).
Here denotes the closure in F . By (1),˜ :=ι( × {p}) is a complete curve on F and the intersection number (O F \Z (ι * K F ), × {p}) is defined. By the projection formula and (2), we have
Φ(˜ ) = , it follows from the above inequality that
By construction, Ψ(˜ ) is the closure of η {p} (( ∩ |E| comp ) × {p}), and hence a (complete) curve by (3), say C. On the other hand, Ψ( × {p}) = {p}. Therefore by the above inequality, we have (K X ⊗ det E, C) ≤ 0. 
Proof of the theorem when sp(E) > dim X
If the pair (X, E) in Theorem 1.1 has sp(E) > n, by Proposition 7.1, the adjoint bundle K X ⊗ det E is not ample. Hence by Fujita's theorem [6] , we have three possibilities in our situation:
c) there exist vector bundles F and E of rank n on a smooth projective curve C, such that X is isomorphic to a projective space bundle P C (F ) over C with the projection π : P C (F ) → C and with the tautological line bundle O PC (F ) (1) , and
The cases (a) and (b) correspond to (2) and (3) in Theorem 1.1 respectively. Thus we have only to show that the case (c) implies (4) and (5). First we show that if the vector bundle E in (c) is ample and spanned with c n (E) = 2 and if C is of genus g(C) ≥ 2, then C is a hyperelliptic curve with the hyperelliptic pencil g 1 2 = | det F ⊗ det E|; this is case (5) in the theorem. Indeed, since 2 = c n (E) = deg F +deg E and since K X ⊗det E = π * (K C ⊗det F ⊗det E), the adjoint bundle K X ⊗ det E is spanned. Let g : X → P be the morphism associated with the linear system |K X ⊗ det E| and h : C → P the morphism associated with
. By the Cayley-Bacharach property [8, Proposition 1.22], we have g(p) = g(q), namely, h(π(p)) = h(π(q)). Hence the degree of the morphism C → h(C) is greater than 1. Let C be the normalization of the image h(C) andh :
Thus, for the ∆-genus (see [5] ), we have
Since ∆-genus is nonnegative (see [5] ), we have ∆(C , O C (1)) = 0, degh = 2, and deg O C (1) = g(C). Thus C ∼ = P 1 , and hence C is a hyperelliptic curve of genus g(C) ≥ 2 with the hyperelliptic pencil g
We look at bundles in the case (c) with g(C) ≤ 1. When g(C) = 0 in (c), C = P 1 and hence, by Grothendieck's theorem, we may assume that
is ample as a summand of E, the corresponding vector bundle F ⊗ O P 1 (b j ) is ample on C = P 1 , and hence its summand O P 1 (a i + b j ) is an ample line bundle for every i = 1, . . . , n. Thus we have a i +b j ≥ 1 for every i, j = 1, . . . , n (see also [4, Lemma 3.2.4] ). Since c n (E) = (a 1 + b 1 ) + · · · + (a n + b n ), we have n ≤ 2. So it is easy to see that (X,
; this is the case (3). To look at the case g(C) = 1, we need the following lemma. 
is spanned by the induction assumption, G ⊗ O C (y) is spanned at every point but {y}. Applying this argument for G ⊗ O C (y − x) and O C (x) for some x = y ∈ C, instead of G and M, we see that G ⊗ O C (y) is also spanned at {y}. Now we go back to the proof of Theorem 1.1. The case remaining is (c) for a smooth curve C with g(C) = 1. Recall that for a vector bundle G on C, a line subbundle B of G is said to be maximal if deg(B) = max{deg N ; N is a line subbundle of G} (see [12] ). We take line bundles L n , . . . , L 1 and M n , . . . , M 1 on C so that L i (resp. M i ) is a maximal line subbundle of F i (resp. E i ) with F n := F (resp. E n := E) and
n , and E = E ⊗ M −1 n , then we have X ∼ = P C (F ) and E ∼ = π * (E ⊗ A) ⊗ O PC(F ) (1) for the tautological line bundle O PC (F ) (1) of P C (F ). Thus we may assume that (X, E) = (P C (F), π * (E ⊗ A) ⊗ O PC(F) (1)) for a line bundle A on C and for vector bundles F and E of rank n on C with L n = O C and M n = O C .
With this notation, it follows from [12] On the other hand, since
is ample and spanned, the dimension of the vector space of its global sections is greater than the rank of E i ⊗ A ⊗ L 1 , and hence the bundle 9. Ampleness, spannedness and c 2 (E) = 2
Conversely, we check that (X, E) in (1), (2), (3) and (4) of Theorem 1.1 are ample and spanned, with c n (E) = 2. It is only nontrivial that E in (4) is ample and spanned. Since F and E are indecomposable of degree 1 on an elliptic curve C, by Lemma 8.1 (1), there exist vector bundles F i and E i , rank F i = rank E i = i (i = 1, . . . , n), with F n = F and E n = E, such that 0 → O C → F i → F i−1 → 0 and 0 → O C → E i → E i−1 → 0 are nonsplit exact sequences. By Lemma 8.1 (2) , O PC (F ) (1) is ample on X = P C (F ) and hence so is E. For the spannedness of E, we show that E m := π * E m ⊗ O PC (Fn) (1) is spanned, by induction on n = dim X and m = rank E m . By Lemma 8.1 (2) , it is clear when n = 1 or when n ≥ 2 and m = 1. When n ≥ 2 and m ≥ 2, since 0 → O PC(Fn) (1) → E m → E m−1 → 0 is exact and h 1 (X, O PC (Fn) (1)) = h 1 (C, F n ) = 0, E m is spanned outside of P C (F n−1 ) ∈ |O PC(Fn) (1)| by the induction assumption on m. Since H 0 (X, E m ) → H 0 (X, E m |P C (F n−1 )) is surjective by h 1 (X, π * E m ) = h 1 (C, E m ) = 0, the induction assumption on n implies that E m is also spanned on P C (F n−1 ). This completes the proof.
